We study the phase diagram of an elastic interaction model for spin crossover (SC) materials with antiferromagnetic-like short-range interactions. In this model, the interplay between the shortrange interaction and the long-range interaction of elastic origin causes complex phase transitions. 
I. INTRODUCTION
Spin crossover (SC) compounds exhibit a variety of phase transitions induced by temperature and/or pressure variation, light irradiation, etc. . SC transitions have been frequently modeled by Ising-like models with a temperature-dependent field which reflects the different degeneracies of the low spin (LS) and high spin (HS) states. On the atomistic scale, the molecular volume (or size) varies between the LS and HS states through the vibronic coupling between the electronic state and the structure, and thus volume expansion or contraction accompanies the phase change of SC crystals. Based on explicit modeling of the molecular size, it was shown that the elastic interaction, which originates from the lattice distortion due to the different molecular sizes, plays the role of a cooperative interaction and causes SC transitions [25] [26] [27] [28] [29] . The cooperative nature of the elastic interaction has been intensively studied [30] [31] [32] [33] [34] .
The interplay between the short-range and long-range interactions causes complex ordering processes [35] [36] [37] [38] [39] [40] , and it is important for two-step SC transitions 30, [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] , in which the antiferromagnetic (AF) -like phase mostly appears as a medium-temperature phase.
It has been shown that the effects of the short-range interaction are essentially different for ferromagnetic (F) -like and AF-like phase transitions at critical points at zero field (H = 0). Namely, the long-range interaction of elasticity is relevant in the ferromagneticlike transition. It causes the transition to belong to the mean-field universality class 26, 30, 40 , and it works cooperatively with the short-range interaction. In contrast, it is irrelevant in the antiferromagnetic-like transition, conserving the Ising universality of the pure short-range model 30 .
It has been shown that infinite-range (Husimi-Temperley) interactions can be a good approximation to the long-range nature of the elastic interaction in a triangular SC model with short-range frustrated interactions, in which a second-order transition with a new critical universality and a BKT transition 52, 53 as the end points of the BKT phase have been found 54 .
We have recently studied the square-lattice Ising antiferromagnet with Husimi-Temperley (HT) type long-range ferromagnetic interactions 55 as a simplified model of the square-lattice elastic interaction model with AF-like short-range interactions. The Hamiltonian is given
with J < 0 and the long-range interaction strength A > 0. The variable σ i denotes the spin state of the ith site (−1 for LS and +1 for HS), and N is the number of sites. Here, H is an effective field (see Eq. (7)). It was found that the structures of the phase diagrams in the coordinates of temperature and field, (T ,H), obtained by the mean-field and Monte An open question remains of whether this kind of structures is realized in the squarelattice elastic interaction model. In the present paper, to answer this question, we investigate in detail the phase diagram of the square-lattice elastic interaction model for SC with AFlike short-range interactions. First we obtain the phase diagram for relatively weak elastic interactions, and we discuss the properties of the critical points and spinodal lines. Next, by considering the shape of the phase diagram, the patterns of typical two-step SC transitions are studied. Finally, we investigate the phase diagram for relatively strong elastic interactions. We find unusual "horn structures," similar to those observed in the Ising antiferromagnet with HT long-range ferromagnetic interactions 55 . We study the details of the structures and their origin.
The organization of the rest of the paper is as follows. In Sec. II, the model and method are explained. In Sec. III A, we show the phase diagram for the SC model with relatively weak elastic interactions, and discuss the types of two-step SC transitions. In Sec. III B, we present the phase diagram for the SC model with relatively strong elastic interactions, and discuss the origin and properties of the unusual structures that are observed. In Sec. IV, we
give a summary and suggest topics for future research.
II. MODEL AND METHOD
We study an elastic SC model with antiferromagnetic-like short-range interactions on a square lattice 30 , in which the lattice can be distorted due to the changes of the positions {r i } and radii {R i } of the molecules. The Hamiltonian consists of three terms: elastic interaction (H Elastic ), Ising interaction (H IS ) and effective field term (H eff ),
Each SC molecule can be in the LS state (σ i = −1) or the HS state (σ i = 1). Its radius R i is a function of the state σ i because the LS molecule is smaller than the HS molecule,
is the radius of the LS (HS) molecule. The elastic interaction between the nearest-neighbor molecules is given by
To maintain the square lattice (coordination number), a small contribution of the following next-nearest-neighbor interaction is necessary:
where k 2 = k 1 /10 is set. The total elastic interaction is
The nearest-neighbor AF-like Ising interaction (we emphasize that it is in general not of magnetic origin) is considered as the short-range interaction,
where J < 0.
In SC systems there is an energy difference (D = E HS − E LS ) between the HS and LS states. The entropy effect due to the difference of the density of states (ρ), whose ratio is defined by g = ρ HS /ρ LS , is also important. They are described by an effective field term as
where
Here we apply a MC method in the N P T ensemble, where the pressure is set to P = 0.
We apply periodic boundary conditions. In the MC method, we choose a molecule at the site i, and update the spin state σ i and the position of the molecule (x i , y i ). Then we update the volume of the total system under the condition P = 0. One MC step (MCS) is defined as L × L repetitions of these procedures, where L denotes the linear dimension (square root of the number of sites) of the system. We apply 10 5 MCS − 4 × 10 6 MCS for L = 10 − 100 for measurement of the physical quantities in the equilibrium or steady state after the same number of MCS for equilibration.
We study the phase diagram of the model with particular focus on the differences between the relatively weak and relatively strong elastic interaction cases, relative to the short-range interaction (J). We set the parameter values as R H = 1.1, R L = 1 and J = −1.0 (AF-like interaction). Here |J| = 1 is taken as the unit of energy. We adopt k 1 = 400 and k 2 = 40
for the former case and k 1 = 1600 and k 2 = 160 for the latter case, in both of which the ground state in zero field is the AF-like phase 30 .
III. PHASE DIAGRAM
In the present model, the magnetization (m) and staggered magnetization (m sg ) are the essential order parameters. We define the "magnetization" (m) and "staggered magnetization" (m sg ) to show F-like and AF-like order, respectively (not real magnetic order):
respectively. Here (i x , i y ) is the integer coordinate of the ith molecule. The HS fraction is given by
A. Relatively weak elastic interactions
We show the phase diagram in Fig 
In the previous study 30 First, we prepare an initial configuration consisting of two slabs, one in the AF-like state and one in the F-like state. We set the F-like spin configuration, i.e., σ i = 1 (or −1) at the coordinate (i x , i y ) for 1 ≤ i x ≤ L/2 and 1 ≤ i y ≤ L and the AF-like spin configuration,
i.e., alternating 1 and
The volumes of the AF-like and F-like phases are different, and to realize a compromise lattice state, we equilibrated the lattice for the fixed spin configuration in the two slabs at the corresponding temperature T . Then we searched for the field (H) at which the final state would be either with approximately 50% probability. We observed that the transition region of the field H between the final F-like state with 100% probability and the final AF-like state with 100% probability is very narrow, and the error bar of the coexistence lines is about the width of the lines. In this mixed start method, the final state was the F-like or AF-like state, and we did not find that the system is trapped in any other state. We adopted this method as a convenient method to estimate coexistence lines, but this method does not always give the true coexistence lines. We will discuss this point further in the Summary section.
By using the phase diagram, we can easily understand the different patterns of SC transitions. We investigate four typical patterns 
B. Relatively strong elastic interactions
Next, we investigate the phase diagram for the relatively strong elastic-interaction case (k 1 = 1600). The qualitative features in the relatively low-temperature region are essentially the same as in the relatively weak elastic-interaction case. However, in the relatively high temperature region, qualitatively different features are found. Thus, we focus on the latter.
The phase diagram at higher temperatures is shown in Fig. 3 In short-range interaction models, nucleation and growth of droplets of the stable phase are characteristic of the decay of the metastability. The metastable lifetime becomes shorter for larger system sizes and finally system-size independent in the thermodynamic limit 59 .
In contrast, the long-range, ferromagnetic interactions cause an exponential size divergence phase at system size L,
where H spinodal is the spinodal field in the thermodynamic limit. The system-size dependence of H L is plotted in Fig. 5 at (a) T = 2.56 and (b) T = 2.88.
In Fig. 5 (a) , the crosses denote H L for the AF-like phase and the circles H L for the F-like phase, and in Fig. 5 (b) , the crosses denote H L for the D phase and the circles H L for the F-like phase. We find that the scaling relation is satisfied for the spinodal fields. In Fig. 3 This analysis shows that all transitions between metastable and stable states are caused by the long-range interactions of elastic origin. On the other hand, the elastic interactions are negligible, and the short-range interaction (J) is essential for the critical line. This is summarized in Table I .
Next we consider the mechanisms of the different clustering features and the generation Here the tricritical points cannot exist any longer and change to mean-field critical points.
Horn structures accompany this qualitative change.
In the phase diagrams for the Ising antiferromagnet with HT long-range interactions 55 , the tricritical points decompose into pairs of critical end points and mean-field critical points.
Although in the present study the coexistence lines and the D spinodal lines are located very close together and the critical end points are hard to indentify precisely, the same scenario is likely to hold.
We may determine the temperature for the mean-field critical point by employing the scaling relation for the spinodal and coexistence fields for long-range interaction models 55, 65 :
which holds for the spinodal fields near the critical, tricritical, or spinodal temperature. This equation leads to
where H along the hysteresis path (Fig. 7) . The temperature is lowered and then raised. Initially the HS state is realized and it changes discontinuously to the D state at around T 2.9.
At this temperature, the AF-like order already develops in the D state due to finite-size effects. Then, the D state changes continuously to the AF-like state, which remains until T 2.2, and it discontinuously changes to the LS state. In the returning process, the LS state changes discontinuously to the AF-like state at around T 2.6. Then, it changes continuously to the D phase, and discontinuously to the HS state at around T = 3.0.
IV. SUMMARY
We have investigated the phase diagrams and properties of phase transitions for an elastic interaction model for spin crossover materials with AF-like short-range interactions. For stronger elastic interactions, unusual "horn structures," which are surrounded by the meanfield critical points, the critical line, F-like, and D spinodal lines, are realized. These struc- We have observed different features of domain growth of the new phase at the critical ter, the Institute for Solid State Physics, the University of Tokyo, for the use of the facilities. P.A.R. gratefully acknowledges hospitality by the Department of Physics, University of
